Abstract. For a normed linear space (X, · ) and p > 0 we characterize all n-tuples
Introduction
The triangle inequality is one of the most significant inequalities in mathematics. It has many interesting generalizations, refinements and reverses, which have been obtained over the years, see [1, 2, 3, 4, 5, 6] and references therein. The generalized triangle inequalities are useful to study the geometrical structure of normed spaces, see e.g. [7, 8, 9] . In this direction some results have been based on the triangle inequality of the second type
in a normed linear space, see [10, 11, 12] for more information about this inequality.
In framework of Hilbert spaces the Euler-Lagrange type identity (see [13] )
follows the more general triangle inequality of the second type (see [12] )
where λ = µa 2 + νb 2 and λµν > 0. Also Takahasi et al. [12] investigate the inequality ax + by
for p ≥ 1. We should notice that one can assume that λ = ±1 by dividing the both sides of (1.1) by |λ| as well as a = 0, b = 0 since if, e.g. a = 0, then µ can be suitably chosen arbitrary. By replacing x and y by and changing µ and ν accordingly, inequality (1.1) turns into
In this paper, for a normed linear space (X, · ) and p > 0 we characterize all n-tuples (µ 1 , · · · , µ n ) ∈ R n for which the generalized triangle inequality of the second type
We also characterize (µ 1 , · · · , µ n ) ∈ R n for which the reverse of the inequality above holds.
Main results
We need the following three lemmas which generalize some results due to Takagi envelope.
An envelope of a family of surfaces is a surface that is tangent to each member of the family at some point. Let L be an (n − 1)-parameters family of surfaces in R n given by F (a 1 , · · · , a n ; s 1 , · · · , s n−1 ) = 0 depending on real parameters s 1 , · · · , s n−1 and variables a 1 , · · · , a n . The envelope of L is the set of points (a 1 , · · · , a n ) ∈ R n for which the following equations hold:
Then the following assertions hold:
we can consider L as a family of (n − 1)-parameters of surfaces as follows:
The envelope of L is given by the solutions of the following simultaneous equations:
Equations (2.1) yield
2). So that
F (a 1 , · · · , a n ; s 1 , · · · , s n−1 ) = −1, which contradicts (2.1). Moreover, by the same way, it must be
or equivalently we get
From (2.3) and (2.4) we get
We note that s 1 , · · · , s n−1 > 0 and n−1 i=1 s i < 1 if and only if a 1 , · · · , a n−1 > 0 and
. Now we remove the parameters s 1 , · · · , s n−1 in equations (2.4) and (2.5) to get a n = 1
(ii) It is not difficult to check that the function h p is strictly convex and thus the domain {(a 1 , · · · , a n ) : a n ≥ h p (a 1 , · · · , a n−1 )} is a strictly convex set in the Euclidean space R n .
Now the result follows from part (i).
Thus
(ii) By (i) and Lemma 2.1 (ii) it is sufficient to show that
Next, we identify D p (Ω) when 0 < p ≤ 1. 
(ii) If {e 1 , · · · , e n } ⊆ Ω where {e 1 , · · · , e n } is the standard basis of R n , then
Proof. (i) Let a 1 ≥ 1, · · · , a n ≥ 1 and (s 1 , · · · , s n ) ∈ Ω be arbitrary. First we show that
It follows that s
We can easily obtain that s
in Ω satisfying (s 1,m , · · · , s n,m ) −→ e k as m −→ ∞, or equivalently s k,m −→ 1 and
Let (X, · ) be a normed space and p > 0. Our main aim is to a characterize all n-tuples (µ 1 , · · · , µ n ) ∈ R n satisfying
or its reverse
We put
Also for each k = 0, 1, · · · , n we correspond F (p ; k) (G(p ; k), resp.) as the subset of F (p) (G(p), resp.) consisting of all n-tuples (µ 1 , · · · , µ n ) ∈ R n for which inequality (2.6) ((2.7), resp.) holds and exactly k numbers of µ 1 , · · · , µ n are negative. We note that
and
In the next two theorems we characterize F (p). First we consider the case where p > 1.
Theorem 2.4. Let (X, · ) be a normed space and p > 1. Then the following assertions hold:
Proof. Let µ 1 , · · · , µ n be arbitrary positive numbers for which
.
x (for some x = 0 and for all i = 1, · · · , n) we get
or equivalently we obtain µ
Conversely, if µ 1 , · · · , µ n > 0 and µ
n ≤ 1, then the desired inequality is deduced from following inequalities:
We note that the second inequality follows from the well-known Hölder inequality.
(ii) Let (µ 1 , · · · , µ n ) ∈ F (p ; k) for some k = 1, · · · , n. There exists 1 ≤ j ≤ n such that µ j < 0 and inequality (2.6) holds.
Putting x i = 0 (i ∈ {1, · · · , n} \ {j}) and x j = 0 in inequality (2.6) we obtain
. This is a contradiction since µ j < 0.
(iii) It follows from (i), (ii) and (2.8).
Theorem 2.5. Let (X, · ) be a normed space and 0 < p ≤ 1. Then the following assertions are valid:
Proof. (i) Let µ 1 , · · · , µ n be arbitrary positive numbers. We observe that inequality (2.6)
holds if and only if
(ii) It is similar to the proof of Theorem 2.4 (ii). 
(2.14)
By a straightforward calculation the following inequality follows from (2.14).
(iii) It is trivial.
(iv) It easily follows from (i), (ii), (iii) and (2.9). Theorem 2.7. Let (X, · ) be a normed space and 0 < p ≤ 1. Then the following hold.
Proof. (i) It is similar to the proof of Theorem 2.6 (i).
(ii) Let (µ 1 , · · · , µ n ) ∈ R n satisfying µ j > 0 for some j = 1, · · · , n and µ i < 0 for all i ∈ {1, · · · , n} \ {j}.
Putting Ω =
s i ≥ 1} and {e 1 , · · · , e n } ⊆ Ω ⊆ Ω. Passing the proof of Theorem 2.6 (ii) we observe that
for all x 1 , · · · , x n ∈ X if and only if
From Lemma 2.3 we deduce that µ j ≥ 1 and µ j ≥ |µ i | (i ∈ {1, · · · , n} \ {j}).
or equivalently we get µ j ≥ max i∈{1,··· ,n}\{j} {1, |µ i |}.
(iv) It follows from (i), (ii), (iii) and (2.9).
Corollary 2.8. Suppose that (X, · ) is a normed space and p > 0. Let
Then the following assertions hold: 
